Some differential relations of inert wear-and attrition work mechanisms, derived in a parallel paper, are here applied. The consideration of relevant and suitable boundary conditions is called for. For ductile-and brittle-type target materials, one may often establish a direct-or proportional connection between the relevant sub-process work mechanism -referred to as wear work or attrition work -and corresponding net resulting wear-or attrition rates. Kinetic theory can be supportive in estimating model coefficients. In addition, additional thermodynamic considerations may be necessary, in order to estimate behavior at extremum conditions. The direct connection is demonstrated for the differential process of ductile wear, which encompasses most types of macroscopic-scale ductile erosion and 2-body-and 3-body ductile abrasion situations. The direct connection is also demonstrated for brittle erosion, and for impact wear. It is shown that the size effect on ductile erosion and abrasion -a hitherto not understood phenomenon -can also be explained by this connection.
Introduction
The prospects of developing a less empirical theory of inert wear and attrition is investigated in [1] .
A couple of different differential representations of some basic modes of inert wear and attrition were proposed in [1] . (Several other types of wear, described in the literature, are not covered in the following.) One topic in the present ancillary paper is to discuss ways in which these differential mechanisms may be used in practical applications. One application of interest is the implementation of these mechanisms in Computational Fluid Dynamics (CFD) flow solvers.
The overall modelling problem needs to be split up into two steps, where the first step represents the determination of the relevant flows and forces (that may often be computed in a CFD flow solver), while the second step represents the determination of breakage or deformation of the target material -utilizing the results of the Step 1-calculation as model input, cf. Fig. 1 . Cross-correlating interactions between Step 1 and Step 2 may occur (if the computation in Step 2 has impact on Step 1).
It should be noted that it is often not physically consistent to apply a traditional model (such as the Finnie model [2] ), which in itself represents a combined (or "bundled") Step 1 and Step 2 computation, acting solely as a Step-2 model. Errors that follow from this have been discussed in Examples 1-2 in [1] .
A differential Step 2-model of wear or attrition provides the following advantage: In contrast to a macroscopic traditional model, a differential Step 2-model need not account for macroscopic transient phenomena. The problem of modelling transient phenomena is a Step 1 modelling issue. [To illustrate, Finnie stated that his macroscopic single-particle erosion model fails to simulate the initial period in time when a dense-particle jet impacts a ductile target surface, a transient situation involving a kind of "splashing" impact behavior of the jet (possible to simulate in a CFD flow solver). Finnie found experimentally that considerably higher instantaneous erosion rates must occur during the initial period of a jet impact, in comparison to the erosion rates occurring at the following steady-state conditions. In [3] some simulations results are presented for a transient-bubbling fluidized bed, which indicate much higher erosion rates of internals at the initial stage of a bubble wake impact, when applying a differential ductile erosion model (proposed by [4] ). In [5] , also, much higher instantaneous erosion rates were modelled in the initial period of impact of a dense particle jet, supposedly in agreement with Finnie's observations.] Another possible means to analyze the wear work or attrition work is to consider various ways of estimating the parameters incorporated in the basic Eulerian residual-work expressions presented in [1] . For instance, for the ductile wear expression involving parameters particle concentration, particle-phase viscosity, slip-flow coefficient, and flow gradients, all components which are possible to individually estimate. One way to proceed would be through dedicated experiments. Another way to proceed would be to consider extrapolating results obtained via the kinetic theory of gases relating to the behavior of these specific parameters. Kinetic theory has been successfully used in development of models for describing particle-phase-(or "granular"-) flows, including particleparticle-and particle-wall interactions, cf. relevant literature in the scientific field of multiphase flows. In Appendix C, the abrasive size effect in ductile wear processes is investigated with support from order-of-magnitude estimations obtained from kinetic theory.
Conditions at Solid Surfaces 3.1 Assumptions
The assumptions for analytical treatment of processes occurring in fluid elements are partly that the particle flow -the assumed thermodynamic flow -can be represented by a continuum flow, following a fluidization assumption. This is assumed valid for a wide range of operating conditions, which incorporate also abrasive flow in small gaps in case of 3-and 2-body abrasion. Since the relevant irreversible residual processes are derived by a "self-comparison" procedure [6] , the fundamental behavior of the derived basic wear and attrition processes are nevertheless possible to analyze as residual processes (i.e. non-linear, far-fromequilibrium, non-continuum processes), even though the thermodynamic flow is modelled as a continuum one.
However, in order to apply a continuum flow modelling, one needs to introduce models and make additional assumptions. In the following, the boundary-condition model Eq. (1) in [1] is applied in all situations involving the ductile wear process. This boundary condition is a good approximation, as it in principle allows the modelling of any averaged forces acting on the so-called gross contacting area of the target surface, for any type of averaged flow.
In the derivations below, adherence should be made to fundamental requirements that follow from thermodynamics, which for instance would be the requirement of bounded flow gradients, and non-zero fluid element volumes. Possibly, modifications of nominal models or introduction of new model assumptions may be required in order to adhere to fundamental requirements. Arguably, any modifications or assumptions made should not result in alteration of the basic structure of the wear or attrition mechanisms proposed.
The continuum-and fluidization assumption of the particle flow provides an ability to compute different types of averaged forces by means of fluid flow mechanisms (as calculated in CFD flow solvers) -for instance the computation of the averaged shear stresses acting across a gross contacting area. The feasibility of analyzing the averaged shear stresses acting across a gross contacting area (the surface boundary of the relevant fluid elements) should be considered.
A relevant question to pose, in this respect, is whether the need for known conditions occurring on net contacting areas is required at all? Surveying the literature, it appears that ductile abrasion tests (including those reported by Archard) are performed with a scratcher of non-zero contact area. The discussion in the literature states that the real forces acting on individual contacting/interacting/ploughing tips in abrasion experiments are not known. Also, regarding ductile erosion, Finnie claimed that the real forces acting on the cutting tips in ductile erosion experiments were not known -Finnie's derivation only assumed that the ratio of normal to tangential forces acting on the tip were constant throughout the cutting process.
Lacking other alternatives, the analysis of averaged forces acting across gross contacting areas, should to the present view be validated by comparing present outcome with corresponding experimental results.
Ductile Wear
The theoretically-derived Eq. (30) in [1] , gives for the case of ductile wear: term  abrasion  or  erosion  ductile   wall  CS,   1  proc  no  21,  ,  proc  , 
and the same is practically also the case for ductile erosion.)
The literature has limited information on the behavior of L , unless dealing with non-erosive gas molecular-solidwall impacts (cf. kinetic theory).
A dense-particle-flow ductile erosion model was earlier proposed in [5] :
This empirical model was proposed based on the exclusion of apparently irrelevant terms in nominal total work of surface forces components [5] . Although this model is based on fundamentally different assumptions, there are direct mathematical similarities between Eq. (2a) and Eq. (1a) that make an association with current theory of interest.
The differences between the empirical model proposed in [5] and extant theory, can be summarized as follows: (a) The particle flows are principally different in present theory, than those assumed in [5] , cf. Section 2.3 in [1] .
(b) The energy balances accounted for in present theory cannot be accurately accounted for in a nominal nonerosion or non-attrition particle-flow solver as utilized by [5] when applying Eq. (2a).
(c) Threshold phenomena are not naturally accounted for in the model proposed in [5] .
( 
Despite principal differences, in situations where particle-flow behavior can be assumed to be practically indifferent to whether erosion (or attrition) is present or not, the implications are that the theoretically-derived expressions of the present work would yield similar denseparticle flow erosion simulations as demonstrated in [5] the only difference being a model constant.
Reformulating the theoretically-derived expression Eq. (1a) into units W/m 2 one obtains: 
The local wear work rate, following Eq. (1c), may be expressed as:
In order to assess the applicability of the theoreticallyderived relation Eq. (1d) for ductile wear situations (dense particle-flow ductile erosion is already partly covered for by results in [5] ), it is necessary to validate Eq. (1d) for other ductile wear situations.
In Appendix A the empirical Archard model is reformulated into an Eulerian expression, based on total work. Comparing the Eq. (1d) with the reformulated Archard relation (applied for ductile abrasion), provides a proportional connection between the Archard relation and the introduced concept of wear work.
Hence, when introducing the proportionality 
In Appendix B, it is argued that Eq. (2b) can also reproduce the Finnie single-particle ductile erosion model.
Influence of Particle Size on Ductile Wear and Ductile Attrition
Several experiments show the erosion or abrasion rate as strongly related to the particle size [7] , cf. Example 1.
[The particle-size influence was earlier described [8] as "perhaps the single most puzzling aspect of the erosion and abrasion of ductile materials".]
In order to investigate the particle-size influence, it is to the present author's view important to investigate the particle-slip behavior accounted for through the slip-flow coefficient L , as well as the coefficient The slip coefficient L may differ between erosive and abrasive flows. In the nominal partial-slip boundary condition [9] , cf. Eq. (1) in [1] :
the slip coefficient:
represents the mean-free path of the particles [10] , in case the particles interaction with the wall can be characterized as a "diffuse reflection". The present author believes that setting
following Eq. (6) gives a fairly good approximation for dense erosive flows (i.e. flows with strong particle-particle interaction).
It 
For particle-surface attrition, literature results indicate decreasing attrition rates with decreasing particle diameter. This immediately follows at least for particles subject to ductile attrition: Equation (5) provides an invariant representation of the flow velocity which may be applied in Eq. (34) in [1] in the vicinity of a solid surface. A corresponding analysis gives:
for dense flows, a relation having significant implications for the analysis of attrition, cf. e.g. Section 3.4.
Returning to the issue of the approximate relation nom L L  following Eqs. (5)- (6), however, there are a couple of issues which may alter this picture:
First, any type of target-surface wear or particle-surface attrition as a result of particle interaction with the target surface will -to a lesser or greater degree -distort the assumed conditions for the model in Eq. (6) .
Secondly, the following observations can be made from ductile erosion experiments:
OBSERVATION ( 
OBSERVATION (B): A free-slip flow, used in modelling of potential flows (assuming zero viscosity of the fluid medium) where the boundary condition is set to
[In this case, no shear worktransfer can occur at the target surface, neither reversible
In experiments [11] it was found that the erosion ripple phenomena occurred with strongest erosion rate at low angles of macroscopic jet impact. However, the erosion ripple phenomena apparently ceased to occur when the angle of impact was further reduced, and approached near zero (i.e. when the jet flow was almost parallel to the target surface). This latter condition resembles a free-slip condition where
where erosion cannot occur (according to Observation (B)).
EXAMPLE 1: For single-phase gas-or liquid fluid flows in traditional fluid dynamics, the mean-free path L is so small that it is normally neglected at solid boundaries, i.e. Eq. (5) , according to Statement (A). Hence, ductile erosion or abrasion cannot occur. It is widely accepted in the field of wear that general single-phase gaseous or liquid flows do not generate ductile erosion. However, the wear literature often attributes this result to a matter of "hardness of the abrasives", where it is stated that the abrasive or erosive particles must inhibit a hardness greater than that of the target surface in order for ductile erosion to occur. While this condition applies for the majority of erosion and abrasion processes, it does not apply for SIMS (Secondary Ion Mass Spectrometry) experiments: Ions -which do not inhibit any hardness at all -do create ductile erosion, since irreversible shear-work transfer can be obtained (above a certain threshold) when the specific ion-bombarding conditions are applied. The slip-flow in the vicinity of the target surface must exist for erosion to occur in SIMS experiments, and the combination of a strong particleparticle interaction in the vicinity of the target surface, together with a slip-flow along the target surface, will eventually generate a slip-roll mechanism, resulting in the formation of erosion ripples on the target surface, cf. wavelength analysis in [6] .
Ductile and Brittle Attrition in a TMP Wood Chip Refiner
A TMP refiner [12] [13] [14] [15] is a grinder, mechanically processing wood chips into paper fibers. At the inlet, wood chips are fed to the grinder, which are then processed mechanically while water is injected at the inlet. Saturated steam exits from both inlet and outlet. At the outlet, paper fibers are ejected. The gap width
, a parameter critical for the refining process, is large at the inlet and decreases towards the rim of the refiner, typically of the order
, where 1  x . Two distinct zones exist: a coarse pattern zone at lower radii, and a fine pattern zone towards the rim of the refiner. Most attrition work (per unit area) is obtained in the fine pattern zone, approaching a maximum work towards the rim of the refiner, i.e. at the exit zone. The refiner is run continuously over a timeperiod of 7 weeks -the time it takes to wear down the refiner plates.
The stationary 1D flow conditions versus radius can be modelled [12] , assuming circular symmetry -for the three involved phases saturated steam, saturated water and dry wood. The following expression: av proc, no av proc, av res,
was empirically proposed [12] as a model for averaged "defibration" work (here referred to as attrition work) at radial position r . The process work av proc,  w (referred to as "total" work in [12] ) was experimentally determined through recording of averaged shear stress versus radius (a refiner operates at typically 3.000 or 3.600 r.p.m. with net total work consumption around 10 MW). Heat is negligible in this process. The corresponding average no-process work av proc, no  w (referred to as "thermodynamic" work in [12] ) was experimentally determined through recording of temperature versus radius, assuming dry wood acting as an incompressible pure substance [16] , without considering energy of surfaces or -deformation for the dry wood particles (or for the metal bars of the grinding disks, subject to abrasion wear). The mathematical difference between process work and no-process work (for identical thermodynamic flows) gives the defibration work radius can be determined rather accurately [the simulated "consistency" (a measure of amount of saturated water remaining inside exiting fibers) agreed within typically 1-2% compared to corresponding experiments, also at timevarying operating conditions.]
The relation Eq. (9), which provides net total defibration work starting at typically 15% (25% according to Fig. 2 and [13] ) of total work input to the grinder, and gradually decreasing to typically around 5% (10% according to [13] ) towards the end of the life-time (approximately 7 weeks) of the refiner plates, due to wear-down of the same [14] [15] . This indicates that only a small fraction of total work input to the TMP refiner actually results in attrition work. A consequence of the wear-down process is that the originally sharp bars tend to round, resulting in a gradual decrease in the overall frictional performance of the plates (in the rotational direction), cf. Fig. 3 . To compensate for this, the normal pressure applied on the refiner disks is gradually increased to maintain an overall time-averaged frictionalshearing work. When increasing the normal pressure the gap width gradually decreases -a decrease which has drastic impact on
, in particular in the fine pattern zone near the rim of the discs. In effect, the gap width decrease can be correlated with an increase in the variable x. Eventually, when the plates are fully worn out, plate clash occurs. Experiments indicate that attrition occurs only on few occasions, and at a few positions, cf. Fig. A3 in [6] . Monitoring a particle trajectory, one finds that a particle circles the grinder approximately 10 rotations, from inlet to outlet, which means that a particle passes approximately 2000-4000 bars in the grinding process (depending on the grinder geometry and plate gap). Since dust is not generated in this process -which would be the case if bar passage contributed to a so-called "erosion attrition" mechanism (erosion of particle surfaces) -it is reasonable to assume that a particle breakage will break a typical particle into two, each with a diameter of between 50/50% or 80/20% of the original particle -a geometric average of 63%. In each dimension, to break down a particle from initial dimensions of 25 mm x 20 mm x 4 mm (a typical wood chip entering the inlet), to a paper fiber with a length of 5 mm, width 0.5 mm, and height 0.5 mm (at the outlet), requires approximately 4 x 8 x 4.5 = 144 breakages, i.e. a breakage rate of approximately 3-8%. In effect, breakage or irreversible deformation occurs at every 13 th to 30 th bar passage, a fairly low rate, and confirms the notion of attrition only occurring at spot-wise locations. If multiple breakages occur at the same bar passage, for instance when flocculation patterns form [6] , the zones of attrition occupy an even smaller area fraction of the total TMP refining zone cross-sectional area. The attrition process in a TMP refiner is hence concluded not to be a continuous one.
If the attrition process occurs in a non-continuous manner, one may assume that it does so in small zones. For ductile attrition in a TMP refiner, experiments indicate that the wood chips and paper fibers are fairly evenly-distributed across the refiner disc, at least initially, cf. Fig. A3 in [6] .
As the refiner plates are gradually worn down, the net attrition work is continually decreased. However, as the net ductile attrition is significantly reduced, the net brittle attrition increases. Gradually, flocculation patterns, starting with several modes, emerge. Initially, these are hard to observe experimentally. However, when the number of modes gradually reduce, they become more dominant in experiments, cf. Fig. A3 in [6] . In these flocculation patterns, brittle attrition will occur. Towards the end of the life-time of the refiner plates, essentially only brittle attrition will occur: The stage at which 3-mode flocculation pertains, will after further wear-down of the refiner plates result in a 2-mode flocculation pattern, requiring yet again a normal pressure increase, cf. [6] . Soon, toward the end of the plates' life-time, any additional wear-down and further pressure increase beyond this point will cause plate clash, i.e. the TMP grinding process must be stopped, and the plates replaced by new ones.
Regarding forces at play within a bundled flocculation pattern, where brittle attrition occurs, considering the comparatively small volume occupied by the flocculation pattern, together with a reduced friction force (due to the wear down-, smoothening-and polishing of the refiner bars), an order-of-magnitude modelling would find that large particle-particle pressures (and corresponding large pressure gradients) exists within the flocculation zone amounting to brittle attrition. [The ease at which wood chips/fibers mixture apparently slip across polished bars at the final stages of the worn-down TMP refiner plates lifetime is sometimes depicted as a "soap-like" behavior of the multiphase pulp-fiber mixture, among scientists working on TMP wood chip refiners.] 
Deformation Wear
A special case of irreversible viscous work transfer is illustrated in Fig. 4 in [1] . Here dissipation is caused by the normal work components of the stress tensor (not requiring a slip flow) which may result in deformation wear in the form of brittle erosion (for brittle-type solids) or workhardening (of ductile-type solids). If so, an irreversible work transfer to the target surface -through a normaldirection momentum exchange on the particle scale -takes place, in conjunction with exhaustion of particles' kinetic energy.
The irreversible work transfer for normal-direction momentum exchange (also on the particle scale) is proportional to the irreversible work from the specific components of term (c)-type wear in Eq. (30) in [1] which relates to indentation according to Fig. 4 in [1] . For the following analysis one may assume the bulk viscosity of the particle phase 0 p   . For an indenting tip which may irreversibly indent the target surface through a momentum exchange, it is in turn reasonable to assume 0
at the boundary. Also, for an irreversibly indenting tip of a particle, a crude analysis (in the vicinity of the target surface) of the velocity reduction [from pre-impact speed
at the instant the tip of the particle touches the target surface, to speed zero when the tip has irreversibly penetrated the target surface a short distance 
in the vicinity of the target surface.
Hence, from these approximations and assumptions, when applied in the theoretically-derived expression Eq. (30) in [1] , gives: In sum, it appears that the theoretically-derived expressions Eqs. (12a)-(12c) represents a Step 2-model which has a capability of modelling deformation wear.
Impact Wear
Consider a transient liquid impact erosion process, starting at time 0  t . Study the process at 0  t following a collapsed gas cavity in a liquid-gas flow, or an impacting liquid in a gas-liquid flow. On the fluid side of the target surface, in the vicinity of a fixed target surface position, the gaseous phase (or so-called "voidage" in the field of multiphase flow), which was present just prior to impact at 0  t , disappears at 0  t , and is replaced by a liquid phase which exerts mechanical work transfer in the form of shock work. Beyond a certain threshold level, an irreversible indentation-or fracture process occurs, resulting in impact wear, cf. Fig. 5 in [1] .
It is a widely-accepted experimental result that the timeintegrated energy of reflecting waves (which can be estimated using an acoustic recorder, located at a distance from the target surface) is often proportional to the net impact wear, when studying cavitation erosion. (This experimental correlation is arguably only observed at conditions above associated threshold levels.)
The theoretically-derived impact wear expression Eq. (31) in [1] , when time-integrated, can also be correlated with the time-integrated energy of reflecting (or throughpropagating) waves, when assuming the impact wear work to be directly proportional to the shock wave work (i.e. neglecting the influence of thresholds):
where  is the fluid density, c is the speed of sound in the fluid, and pot  is the potential energy density of the shock wave. Hence, the time-integrated net impact wear work in Eq. (31) in [1] is proportional to the time-integrated energy of the reflecting shock waves, i.e. proportional to the impact wear, in agreement with experimental results. In order to obtain a model coefficient, and associated threshold, the author believes that one must necessarily perform correlating experiments.
Conclusions
Different aspects on connecting the theoreticallyderived differential expressions of wear work or attrition work, to corresponding net wear or net attrition, have been presented and discussed.
It was found necessary that one consider suitable and relevant boundary conditions, in order to achieve correct modelling of net wear or net attrition.
At extremum conditions, it may be required to fine-tune some approximate nominal flow models, such as boundary conditions, in order to follow basic thermodynamic requirements. Arguably, this should be done without altering the basic structure of the process mechanisms.
The assumed direct proportionality between sub-process wear/attrition work and sub-process outcome (net wear/attrition) is demonstrated for several cases. With the present approach, overall modelling of attrition in a TMP refiner is significantly improved. Also, directly from a wear work mechanism, one may compute ideal Finnie erosion, Archard abrasion, and also explain the particle-size dependency behavior on ductile wear. Also, a theoreticallyderived impact wear differential mechanism will -when time-integrating across an impact wear process -result in net wear which is directly proportional to the potential energy density of reflecting waves. This is a correlation which agrees with experimental observations. Furthermore, an important role of kinetic theory was found -implicating a dependence on particle dynamics. If experimental behavior is not known, one may utilize kinetic theory to roughly estimate the behavior of particle viscosity, or the slip-flow parameter.
Analysis of ductile attrition in a TMP wood chip refiner shows that attrition occurs spot-wise by necessity, and hence not in a continuum manner. 
wear coefficient used in relation between total work and wear rate, defined in Eq. 
 ratio of tangential-to normal force acting on gross contacting area A , 
, is analyzed for ductile materials, where N F is the normal force applied by the abrading particles (or contact point for 2-body abrasion) across a gross contacting area A (the forces in play on the net contacting area are not known), weak K is an empirical (non-dimensional) abrasive wear coefficient, s is the sliding distance, H is the hardness of the abraded (target surface) material, and V is the abraded wear volume.
This weak relation, a Lagrangian expression, can be reformulated into an Eulerian expression for a fixed targetsurface position, correlating wear rate proportional to total work rate: 
The coefficient  represents the ratio of tangentialversus normal force acting on the gross contacting area. Earlier, a strong relation between wear rate and wear work was argued for, cf. Eq. (4). Inserting Eq. (1d) into Eq. (4), one obtains: 
Since the wear rate in Eq. (A1) is identical to the wear rate in Eq. (A2), one may directly associate the original Archard relation to the wear work through the following expression:
Arguably, 2-body and 3-body abrasion can be directly connected with the wear work rate.
Appendix B: Newtonian/Lagrangian Finnie SingleParticle Ductile Erosion Model
The Finnie single-particle ductile erosion model [2] is a model, which albeit being derived employing a Newtonian/Lagrangian approach, presents the net integrated erosion at a fixed position (vicinity of the impact point) on the target surface, in terms of a mass loss of the ductile target surface per impacted particle:     particle kg 
The Eulerian Finnie-erosion rate model Eq. (B2) applies for a rain-type erosive impact over the entire target surface, with no particles interacting with any other particles during the process. Also, reflecting particles do not interact with incoming particles.
In order to compare the general model Eq. (2b) with the Eulerian representation of the Finnie model Eq. (B2), it is necessary to obtain an Eulerian representation of the specific flow conditions assumed by Finnie, to be applied in Eq. (2b): In the vicinity of the wall, a chipping motion [2] of a protruding tip of the impacting particle into a ductile material is in the Eulerian framework comparable to a sum of two flow components: a contribution from the inflow as well as a contribution from the reflecting flow:
The . According to Finnie, between 0 0 and 17 0 the particle cuts into the ductile material -the tip travelling in a parabolic manner, cutting through the target surface -and the particle leaves the target surface with a not completely exhausted kinetic energy. Consequently, the particle leaves the target surface with a tangential velocity magnitude statistically greater than zero. A crude model, in order to study the angular behavior of L , can be obtained by approximating 
Hence, the general ductile erosion model Eq. (2b) also has the capability of modelling single-particle ductile erosion.
Appendix C: Size Effect on Abrasion and Erosion of Ductile Materials
It is believed possible to estimate the size-effect by conducting an order-of-magnitude analysis of Eq. (1e), assuming a directly proportional correlation between ductile wear work and net ductile wear rate.
Consider the geometrical constraints in the abrasion experiments illustrating the size effect. In the literature are presented x-y-graphs, in which experimentally-recorded, and normalized, wear is presented on y-axis, vs. particle size as on x-axis.
Arguably the gap width in an abrasion experiment is of crucial importance -a gap width that provides a connection with the involved (bounded) flow gradients. Since the gap width is not reported in the relevant experiments in literature (since experimental apparatus are not designed to maintain constant gap when testing different-size abrasives), a simple assumption on the correlation between size of the abrasive and gap width can be assumed, based on assumptions on the operation of the experimental apparatus utilized. [Note: A fundamental 1 st -law requirement is that a flow gradient needs to be considered for the case of 2-body abrasion. Arguably, a fair measure of the flow gradient is to consider the relative velocity between cutter and target surface, U, divided by the gap width,  , i.e.    U y U~, as a relation representing the flow gradient. This assumption is utilized below.]
For the case of erosion, where a gap width cannot be defined, instead the (bounded) flow gradients are of concern. As shown below, the behavior of flow gradients differ if the erosive particle flow is dilute, or dense. These differences arguably influence the apparent normalized size effect on erosion.
Other geometrical constraints involved would be the influence of possible surface roughness, and shape of the abrasives.
For erosion and 3-body abrasion, one may consider an influence on the surface slip-velocity.
If conducting an order-of-magnitude analysis, whereby a bounded flow gradient is expressed in terms of the other above, highlighted parameters (following the geometrical assumptions illustrated in Fig. 1 in [1] ), arguably the following flow gradients can be roughly estimated:
For 2-body and 3-body abrasion, with a gap width of  , the flow gradient can be expressed as: . It can be noted that reducing the particle size will not adjust these relationships. Also, it is clear from Fig. C1 , that the flow velocity in the vicinity of the target surface, A different situation is at hand for the case of denseflow ductile erosion. Near the wall, for small particle diameters, the flow velocity is small. For the situation that for a couple of different situations (assuming  equal to 5 micrometers). Interestingly, the present order-of-magnitude analysis provide a direct ability of computing -in a straightforward manner -normalized curves which fully match the available experimental curves on particle-size dependency presented in the literature. Earlier, this was not possible, since the size-effect behavior has not earlier been possible to explain.
It can be noted that some experimental curves show erosion rate maximum at a certain particle size (such as found in 3-body abrasive wear experiments). This erosion maximum situation is possible to reproduce with present order-of-magnitude analysis, cf. green curve in Fig. C2 , where the explanation for this behavior is simply that slip U is not directly proportional to U -a not uncommon situation according to the sciences of multiphase flows. This order-of-magnitude analysis applies at far-fromequilibrium conditions, above the ductile wear onset threshold. Figure C2 . Particle-size dependency on ductile abrasion and ductile wear work (for an abrasive flow), normalized. Experimental data taken from [8] (originally presented in [7] ). The experimental data points represent "wear rate as a function of SiC particle size for copper […] in two body and three-body abrasion (volume removed/(load x distance travelled))". Ductile wear work is analytically computed. Figure C3 . Particle-size dependency on ductile erosion and ductile wear work (for an erosive particle flow), normalized. Experimental data taken from [8] (originally presented in [7] ). The experimental data points represent "wear rate as a function of SiC particle size for copper in erosion (mass loss/mass of abrasive)". Ductile wear work is analytically computed.
